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Important Function Spaces

Importance of the T(1) Theorem

Properties of ∆Qf

Throughout this project, our primary focus has been on the spaces BM O(Rn) and
L2(Rn).

Since it is a Hilbert space, the L2 space is equipped with an inner product h· , ·i, and is
therefore a very important space in physics because it is able to describe many physical systems. If we have a linear operator on some other space, it may be important
to know whether we can extend it to the L2 space, so that it can perhaps have some
physical applications. Operators which are bounded in this sense are significant in
any field of analysis as well.

The following is a non-exhaustive list of some simple properties of the preceding
function.

Def: We define the p-norm or Lp-norm of a function f as:
Z
1
p
p
||f ||p =
|f (x)| dx .
Rn

We say Lp spaces consist of functions with finite p-norms, where 1 6 p < ∞.
Extending this definition to p = ∞, we get the L∞-norm of a function
||f ||∞ = ess sup f
and the space L∞(Rn) consists of all functions that are essentially bounded.
BM O functions are functions with bounded mean oscillation.
Def: The BM O norm of a function f is given by
Z
1
||f ||BM O = sup
|f (x) − Avg f (x)|dx
Q |Q| Q
Q
and the BM O(Rn) space is formed by all functions over Rn that have finite BM O
norm. BM O spaces and LP spaces are Banach, and specifically L2 is a Hilbert space.
Note: Unless otherwise specified, we let BM O and Lp denote BM O(Rn) and Lp(Rn),
respectively.

In order to verify whether a linear operator T can be extended to the L2 space we
check if the operator norm from L2 to L2 is bounded (||T ||L2→L2 < ∞). One could
try to verify this by seeing if T (f ) ∈ L2 for every f ∈ L2 but that is very impractical,
so an alternate set of conditions would be desirable. The T (1) theorem gives us such
conditions by connecting the L2 space to the BM O space, in addition to providing a
bound of the operator norm itself.

1) ∆
R Qf is constant in every Pi ∈ Q
2) ∆Qf = 0
3) h∆Qf, ∆Rf i = 0 when Q 6= R (Note that this applies for all Q and R regardless
of measure)
4) ∆Q : L2 → L2 is bounded and ∆Q is self-adjoint
P
5) f = Q∈D ∆Qf for f ∈ L2
P
2
6) ||f ||L2 = Q∈D ||∆Qf ||2L2

An Overview of the Dyadic Cube Proof of T (1)[1]

The T(1) Theorem (David, Journé; 1984)[2]
Theorem 1: Let T be a continuous operator from S (Rn) to S 0(Rn), associated with
a standard kernel. Then T can be extended to a bounded operator from L2(Rn) to
itself if and only if the three following conditions are satisfied:
i. T 1 ∈ BM O,
ii. T ∗1 ∈ BM O,
iii. T has the weak boundedness property (a trivial condition)

Dyadic Cubes
Method of Approach

Def: Dyadic cubes in Rn are formally defined as the set
[2k m1, 2k (m1 + 1)) × · · · × [2k mn, 2k (mn + 1))
where k, m1, . . . , mn ∈ Z.
They are cubes of side length 2k with half-open edges. In a mesh of dyadic cubes in
Rn, two dyadic cubes are either disjoint or related by inclusion. A common step in
proofs in harmonic analysis is to decompose cubes into dyadic meshes and applying
some selection process.
We frequently denote the set of all dyadic cubes on some set as D, and we denote
the family of subcubes of size k as Dk .

There are many methods of proof of the T (1) Theorem, but we primarily follow the
method of Tolsa[1] as it represents an approach more in line with standard harmonic
analysis.
To facilitate this dyadic decomposition approach, we first use properties of the kernel
and of BM O to show that the conditions of the original T (1) Theorem are equivalent
to the following[5]:
i. ||T χQ||2 ≤ C1|Q|1/2
ii. ||T ∗χQ||2 ≤ C1|Q|1/2
for some constant C1 > 0 and for all cubes Q. We then bound the operator norm of
T by decomposing it into sums of inner products in L2 and bound the inner products
respectively.

Using Dyadic Decomposition
Let f be a locally integrable function, Q an n-dimensional cube, and P a dyadic subl(Q)
cube of Q with side length 2n . WE call P a ”child” of Q. Then we define
(
0
if x 6∈ Q
∆Qf (x) =
mpf − mQf if x ∈ P
where mQf is the average of f on Q.
Figure 1. D1, D2, and D3 for a two and three-dimensional cube Q.
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Figure 2. A graph of ∆Qf for Q = [0, 2) and f = e−x .

