
Images of untwisted Dijkgraaf-Witten representations

Introduction:
Let Σg denote the closed, orientable surface of 

genus g. The mapping class group of Σg, denoted 
MCG(Σg), is the group of orientation-preserving self-
homeomorphisms of Σg (up to isotopy).

Using methods from Gustafson[3], we view the 
Dijkgraaf-Witten representation of the mapping class 
group as identifying each element of MCG(Σg) with a 
matrix corresponding to the action of that element on 
a vector space of colored graphs embedded on Σg.

This is in response to a question posed by Etingof, 
Rowell, and Witherspoon[1] in a recent paper. Fjelstadt
and Fuchs[2] also explore this question using a more 
algebraic approach. Gustafson showed the image is 
finite when coloring with a general spherical fusion 
category. We find specific images when coloring with 
the more limited space of finite groups.

In this poster, we explicitly calculate the image of 
Dijkgraaf-Witten representations (𝜌) of the mapping 
class group for Σg when coloring with an abelian 
group. We then extend this by finding the image of 
the representation for Σ1 when coloring with the 
dihedral group.

Main Theorem
Let A = any abelian group, Sp = symplectic group, and

x = exponent of A.
Then coloring with A, 𝜌(MCG(𝛴g)) ≅ Sp(2g , ℤ/x ℤ).

We identify H with homology and 𝜌 with action on homology.

Background:
G-colored ribbon graph:
- specific ordering of edges around vertex
- group element assigned to oriented edge
- reverse orientation = take inverse
- product around vertex must be group identity

Mapping class group:
- acts on graphs embedded on surface
- generated by Dehn twists
- (Dehn twist in an annulus)

Equivalence moves:

We define H(Σ,G) as the free vector space over all 
embedded graphs mod these relations.

Using these relations, we show that conjugate 
labelings on our embedded graph are equiavalent:

Sketch of Proof:

Theorem 2
When coloring with 𝐷!",

𝜌(MCG(Σ1)) ≅ SL(2 , ℤ/n ℤ) / −𝐼𝑑
× SL(2 , 2).

Step 1: Basis

Step 2: Dehn twists (Gustafson[3])

Step 3: Isomorphism
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Next steps:
- general non-abelian groups on Σ1

- any non-abelian groups on Σ2+ 

- examples of any group with twisting
- recover lens space invariant for general group G
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The basis consists of all choices of a, b, c, d such that the 
product around the vertex is the identity. (Because A is 
abelian, each element is conjugate only to itself.)

To show that the image is the symplectic group, we define the following isomorphism.
𝜓: 𝜌 (H (Σ,G)) → Sp(4, ℤ/x ℤ)

1   0   0   0
-1  1   0   0
0   0   1   1
0   0   0   1

𝜌 (Dehn twist a) ⟼

1   1   0   0
0   1   0   0
0   0   1   0
0   0   0   1

𝜌 (Dehn twist b) ⟼

1   0   0   0
0   1   0   0
0   0   1   0
0   0   -1  1

𝜌 (Dehn twist d) ⟼

1   0   0   0
0   1   0   0
0   0   1   1
0   0   0   1

𝜌 (Dehn twist c) ⟼

1  -1   0   1
0   1   0   0
0   1   1  -1
0   0   0   1

𝜌 (Dehn twist e) ⟼

The isomorphism is seen as the matrices in the image act on the colorings as vectors. 
This set of matrices generates the symplectic group, as desired.

We twist around the red and yellow lines. All edges which do not cross these lines are fixed.

Theorem 3
Coloring with S3, 𝜌(MCG(Σ2)) is not a 
quotient of Sp(4,6).
The image has order larger than 1020, 
which is greater than 616.
We expect this to hold for Σ2+ and 
general non-abelian groups.
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The colored curves represent 
the generating Dehn twists
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