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Introduction

Two m(77) Knots

Classical invariants for Legendrian knots introduced in [3], such as ThurstonBennequin number, have been used to compare two Legendrian knots. We say that
two Legendrian knots are not Legendrian isotopic (i.e., distinct) if they have different
invariant quantities, though having the same invariants does not necessarily imply
that the Legendrian knots are the same.

From the atlas given in [1], we chose two m(77) knots (Fig.1 and Fig.2) which make
good candidates that we could apply product structure to distinguish them as these
two knots have augmentations. The reasons we chose knots having augmentations
are:

By the results shown in [2], cup product, Massey product, and higher-order Massey
product structures are Legendrian isotopy invariants. We use these invariants to compare two m(77) knots in the atlas given in [1] in hope that these two knots can be
distinguished. Though the product structure is shown to not be able to distinguish
this pair, we proved a proposition that characterizes some criteria to determine if the
product structure is trivial. As a result, no pair in the atlas can be distinguished by
their product structure.

(Higher-order) Massey product is defined on A∞ structure which requires
augmented differential, thus without augmentations, we would not be able to
obtain product structure.
In the atlas of [1], the Poincaré-Chekanov polynomial of the two knots is given, so
we use it as a reality check, making sure we get the correct DGAs.

Background Information

We use the first m(77) knot as an example to show the process of our work.
Gradings of Generators
1 = |a1| = |a2| = |a3| = |a4| = |b3| = |b7|
0 = |b1| = |b2| = |b5|
−1 = |b4| = |b6|
Augmented Differentials
∂ εa1 = b5 + b4b3 + b7b6 + b5b4b3 + b7b6b5 + b7b6b4b3 + b7b6b5b4b3
∂ εa2 = b2 + b3b4 + b3b4b2
∂ εa3 = b1 + b2 + b5 + b2b1 + b2b5 + b5b1 + b2b5b1
∂ εa4 = b1 + b6b7 + b1b6b7
∂ εbi = 0 for i = 1, . . . , 7
A∞ Structure
m1(b1) = a3 + a4,
m1(b2) = a2 + a3,
m1(b5) = a1 + a3,
m2(b4, b3) = a1,
m2(b3, b4) = a2,
m2(b7, b6) = a1,
m2(b6, b7) = a4,
m2(b2, b1) = a3,
m2(b2, b5) = a3,

Legendrian Knot
A knot Λ is Legendrian if it has a regular parameterization ϕ: S1 −→ R3 defined by
θ 7−→ (x(θ), y(θ), z(θ)) such that for all θ, z 0(θ) − y(θ)x0(θ) = 0. A Legendrian knot is
usually represented by a front projection into the xz-plane or a Lagrangian projection
into the xy-plane.
Chekanov-Eliashberg DGA
The Chekanov-Eliashberg DGA is a differential graded algebra that is used to compute invariants of Legendrian knots. It can be defined over Z2, generated by the set
of Reeb chords of a Legendrian knot, which consist of crossings in the Lagrangian
projection (and crossings plus right cusps in the front projection.) The differential for
each generator is found by counting the possible ways to map the unit disk into the
knot as an immersion, according to certain restrictions. The differential of a generator
(if nontrivial) will be a formal sum of words in the DGA’s generators.

Calculations for the First m(77) Knot

m2(b5, b1) = a3,
m3(b5, b4, b3) = a1,
m3(b7, b6, b5) = a1,
m3(b3, b4, b2) = a2,
m3(b2, b5, b1) = a3,
m3(b1, b6, b7) = a4,
m4(b7, b6, b4, b3) = a1,
m5(b7, b6, b5, b4, b3) = a1,

and all other mn’s are trivial.
Cup Product Structure
Taking the cohomology of the m1 map we have the following nontrivial LCHε∗:
Figure 1. m(77) Knot 1 Front Projection after Cromwell Moves

LCHε1 ∼
= Z2ha1, b3, b7i,
LCHε−1 ∼
= Z2hb4, b6i.

(Co)homology

Let a = [a1], b = [b3], c = [b4], d = [b6], and e = [b7], this results in the following
nontrivial cup products:

The (co)homology of a Legendrian knot’s Chekanov-Eliashberg DGA is a Legendrian
isotopy invariant. To obtain a balance between its computability and usefulness, we
modify the differential by augmentation and linearization. We augment a differential
by finding possible augmentations. Then we linearize a differential by keeping the
linear terms only. The linearized homology is, then, easier to calculate, but it loses
some information. Our project applies a technique to recover this lost information by
defining A∞ and product structures for our Legendrian knots.

b ∪ c = [m2(b3, b4)] = [a2] = a,
c ∪ b = [m2(b4, b3)] = [a1] = a,
d ∪ e = [m2(b6, b7)] = [a4] = a,
e ∪ d = [m2(b7, b6)] = [a1] = a.

Conclusion

A∞ Structure
The A∞ structures we use consists of an infinite collection of maps mn for all n ∈ Z+.
These maps input a permutation of the generators and output information about
where that permutation appears in the augmented differential. More precisely, if the
permutation a1, . . . , ak appears consecutively in one term of the differentials ∂a1, . . .,
∂ai, then we have: mk (a1, . . . , ak ) = a1 + · · · + ai.
Product Structure

By the proposition, when taking K = 2, we have that the Massey products and higherorder Massey products are trivial for the first m(77) knot. Following the same procedure as above, we obtain the same cup product structure for the second m(77) knot,
and it also has trivial (higher-order) Massey Products. Hence, product structure cannot distinguish these two knots.
Figure 2. m(77) Knot 2 Front Projection after Cromwell Moves

Cup product is generalized into Massey product, which is then further generalized
into higher-order Massey product in [2]. Since the product structure is invariant under
Legendrian isotopy, then we can use this structure to distinguish a pair of Legendrian
knots, in our case, the two m(77) knots. For elements [a], [b], [c] in LCHε∗ with gradings
r, s, t, respectively, satisfying [a] ∪ [b] = 0 = [b] ∪ [c], the Massey product
LCHεr+s+t+1
{[a], [b], [c]} ∈
,
r+s+t+1
([a] ∪ LCHε∗ + LCHε∗ ∪ [c]) ∩ LCHε
and it is given by the formula
{[a], [b], [c]} = [m3(a, b, c) + m2(a, x) + m2(y, c)],
where free variables x, y satisfy m1(x) = m2(b, c), m1(y) = m2(a, b).
https://austinchristian.math.gatech.edu/teaching/reu-2022/

By the following proposition, this pair of knots cannot be distinguished by product
structure.

Proposition about Trivial Product Structure
Fix K > 1 and suppose for all k ≥ K, we have that

After examining all the pairs that are believed to be distinct in the atlas of [1], the two
m(77) knots is the only pair which has augmentation, thus this is the only pair that
has product structures. On other pairs of knots in the atlas of [1], product structures
cannot be defined. Therefore, though there do exist knots for which this invariant
is useful to distinguish them, for example, knots and their Legendrian mirrors in [2],
product structure cannot be used to distinguish any pair of knots in the atlas of [1].
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