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Abstract
This project uses samples from a Markov Chain to investigate what a random plane tree looks like under a certain
probability distribution. The statistics calculated from the
randomly generated plane trees are compared with those
from known RNA foldings.

where r is the degree of the root vertex, d0 is the number
of non-root vertices with 0 children, d1 the number of nonroot vertices with 1 child, and n is the number of edges. The
stationary distribution µ is defined by
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Figure 7: Statistics computed from the previous tree.

e

E(T )

.

T

The folding of RNA secondary structures is the motivation for this project. RNA, formally known as ribonucleic
acid, is a molecule in cells of all living things. RNA folds
to more complicated shapes than DNA, because the single strand bonds with itself and its helices fold onto itself.
The secondary structure of an RNA molecule is the twodimensional representation of the base pairings A-U and
G-C. The folding of an RNA molecule gives insight to how
it functions in the cell. The ability to accurately predict
how RNA folds can be useful in understanding different
diseases.

Samples from MCMC on 35 Edge Plane Trees

Results
Plasmodium falciparum

Figure 8: Three charts of the different statistics collected from the
randomly sampled plane trees with 35 edges. Children of the root had
a mean of 2.154 and variance of 1.666. Non-root vertices with one
child had a mean of 9.162 and variance of 6.07. Longest path had a
mean of 11.131 and variance of 6.54.

Objectives
• Design and implement a Markov Chain Monte Carlo to

sample from a probability distribution on plane trees.
• Predict potentially biologically interesting parameters of
the energy function graph features to study the resulting
plane tree structures.
• Use samples from the MCMC to analyze the features as
you vary the parameters.
• Compare with features of known RNA secondary structures.

Plane Trees

Figure 2: Plane Tree generated from the RNA sequence for Plasmodium Falciparum, a protozoan parasite that causes malaria in humans.
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Figure 3: Statistics computed from the above tree.

A plane tree is a rooted tree for which the children of the
vertices are linearly ordered. For this project, we use plane
trees to model RNA secondary structures. The root represents the start and end of an RNA sequence. A vertex corresponds to a loop and the edge between vertices represent
a helix. The degrees of vertices signify the types of loops:
• Hairpins in RNA secondary structures correspond to
leaves
• Internal loops are degree 2
• Branches are degree 3
The number of plane trees with n edges is enumerated by
the Catalan numbers, Cn. Ladder distance is longest path
of consecutive edges one leaf to another leaf.

Samples from MCMC on 62 Edge Plane Trees

Figure 9: Two charts of the different statistics collected from the randomly sampled plane trees with 35 edges. vertices with no children
had a mean of 15.495 and variance of 2.869. Ladder distance had a
mean of 14.103 and variance of 4.971.

Conclusions
Figure 4: Three charts of the different statistics collected from the
randomly sampled plane trees with 62 edges. Children of the root had
a mean of 2.148 and variance of 1.572. Non-root vertices with one
child had a mean of 16.604 and variance of 11.578. Longest path had
a mean of 15.763 and variance of 12.079.

The statistics computed on the random samples yielded
close to normally distributed results. For the most part, the
statistics on the plane trees coincides with the actual features. The major exception is that the number of non-root
vertices with one child were significantly lower than the average value of the random samples.

Forthcoming Research
Figure 1: RNA secondary structure as a plane tree.

Markov Chain Monte Carlo
Markov chain Monte Carlo (MCMC): Given an irreducible, reversible Markov chain on ⌦ with transition matrix P and stationary distribution ⇡ , a Markov chain on ⌦
will have stationary distribution µ if the transition matrix P̃
has entries:
✓
◆
µ (y) P (y, x)
when x 6= y, P̃ (x, y) = P (x, y) · min 1,
µ (x) P (x, y)

P̃ (x, x) = 1
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Figure 5: Two charts of the different statistics collected from the randomly sampled plane trees with 62 edges. Vertices with o children had
a mean of 26.58 and variance of 5.015. Ladder distance had a mean of
20.246 and variance of 10.524.

Albinaria turrita

P̃ (x, y)

y2⌦

.

Methods
In this project we use SAGE, a mathematics software system, to build a Markov chain to sample from a probability
distribution µ on plane trees. In order to sample from µ,
we use Markov chain Monte Carlo (MCMC) to construct a
Markov chain with stationary distribution µ. µ is motivated
by the energy functions in the NNTM (nearest neighbor
thermodynamic model) for the folding of RNA secondary
structures. The energy function used is
E(T ) =

.4r + 2.3d0 + 1.3d1

.1n,

In the future we will compare random samples to actual
RNA foldings for molecules and look at additional statistics. Different energy functions will be tested in the program that we developed to run MCMC and eventually create an original weighted function to obtain samples that
closely resemble biological structures.We will compare the
results to the projected outcomes in the papers referenced.
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