Moduli Space of Complete Nonnegatively Curved
Riemannian Metrics
Background
A Riemannian metric on a manifold M is a smooth function assigning to every point p on M an inner product on the tangent
space Tp M. Cheeger and Gromoll described the structure of complete nonnegatively curved manifolds; they proved that every such
manifold contains a compact totally convex submanifold S called
a soul whose normal bundle is diffeomorphic to M. For example,
every soul of the flat cylinder S 1 × R is of the form S 1 ×{x}. We are
interested in complete nonnegatively curved manifolds whose soul
has codimension 2. The flat manifold S 1 × R2 is the key example
we have used throughout our research.
The principal aim of our research is to study the space R≥0 (M )
of complete nonnegatively curved metrics on a fixed manifold with
codimension 2 flat soul as well as its moduli space M≥0 (M ) =
R≥0 (M )/DiffM where the diffeomorphisms act on metrics by pullback.

THEOREM The space of complete nonnegatively
curved Riemannian metrics R≥0 (M ) with flat codimension 2 soul is homotopy equivalent to the space of
flat metrics Rflat (M ).
Sketch of Proof
We construct an explicit deformation retraction of R≥0 (M ) onto
Rflat (M ). Let us make a few observations.
• Let p ∈ S. Let N be the two dimensional submanifold
exp((Tp S)⊥ ) orthogonal to S at p. The exponential map restricts to a covering of M on the normal bundle of N , inducing a metric on M . Thus a deformation of the metric on N
induces a deformation of the metric on the entire manifold M .
• Belegradek and Hu showed that R≥0 (R2 ) is homeomorphic to
2
the space S1 × Diff+
0,1 (R ) where S1 is a subspace of subhar2
monic functions u : R2 → R and Diff+
0,1 (R ) consists of diffeomorphisms ϕ isotopic to the identity which fix 0 and 1. The
homeomorphism takes the pair (u, ϕ) to the metric ϕ∗ e−2u g0
where g0 is the standard flat metric on R2 .
• Consider the deformation retraction of S1 onto the space of
constant maps given by (u, t) 7→ (1 − t)u + tu(0). When
u is constant, ϕ∗ e−2u g0 is a flat manifold, hence we have
a deformation retraction of R≥0 (R2 ) onto Rflat (R2 ) given
by (ϕ∗ e−2u g0 , t) 7→ ϕ∗ e−2((1−t)u+tu(0) g0 . This homotopy is
equivariant with respect to diffeomorphisms which fix the origin, i.e. H(ψ ∗ g, t) = ψ ∗ H(g, t) for every diffeomorphism
ψ ∈ Diff0 (R2 ), g ∈ R≥0 (R2 ) and t ∈ [0, 1].

• Combining the above comments, we get a deformation retraction of R≥0 (M ) onto Rflat (M ) equivariant with respect
to diffeomorphisms fixing p, which descends to a deformation retraction of the “modified” moduli space M≥0 (M ) =
R≥0 (M )/Diff0 (M ).
REMARK. The deformation retraction (u, t) 7→ (1 − t)u + tu(0)
was chosen to be equivariant with as large a subgroup of the diffeomorphism group as possible. Ultimately, we would like to state
M≥0 (M ) ∼
= Mflat (M ).

Flat Manifolds
The next step is to study the spaces Rflat (M ), Mflat (M ), Mflat (M )
of flat metrics on M - we would like to determine their homotopy
types (or even homeomorphism type if possible). This part of the
research is not yet complete. First some examples.
• The flat metrics on S 1 are only distinguished by the length of
the circle, i.e. M≥0 (S 1 ) = R>0 .
• Any flat S 1 × R2 is covered by the Euclidean space R3 . The
group of deck transformations is generated by an orientationpreserving torsionfree isometry γ. Identify R3 with C × R.
Quotienting by the isometric actions (z, x) 7→ (z, x + 1) and
(z, x) 7→ (eiθ z, x + 1) produces two non-isometric flat metrics
on S 1 × R2 . The second metric has a unique soul which is
covered by the invariant line of the action and whose normal
holonomy is nontrivial. The length of the soul is the length of
the translation component of the generating isometry, which
is 1 in both examples.
Any flat manifold M n is covered by the Euclidean space Rn .
The group of deck transformations π := π1 (M ) ∼
= π1 (S) acts discretely and torsionfreely by isometries on Rn . The group of isometries of Rn is Mn := O(n) ⋉ Rn , where an isometry γ = (A, b)
takes x 7→ Ax + b where A ∈ O(n) and b ∈ Rn . The flat metrics
Rn /π, Rn /π ′ are isometric iff π, π ′ are conjugate in Mn . Moreover we say Rn /π, Rn /π ′ are affinely diffeomorphic when π, π ′ are
conjugate in the affine group An = GLn (R) ⋉ Rn .
The moduli space of flat metrics was described by Wolf in the
following theorem.

THEOREM(Wolf) The moduli space of flat manifolds affinely diffeomorphic to Rn /π is homeomorphic
to the double coset space
Mn \{γ ∈ An : γπγ −1 ⊂ Mn }/NAn (π).
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By the theory of Bieberbach groups, any two flat metrics on
a compact manifold are affinely diffeomorphic, hence the above
space coincides with Mflat (M ). However for open M , not all flat
metrics are captured in this space. For example, the actions
(z, x) 7→ (z, x + 1) and (z, x) 7→ (eiθ z, x + 1) are not conjugate
in An when θ ̸= 0, hence the induced metrics on S 1 × R2 are not
affinely diffeomorphic. Moreover the topology on flat metrics on
an open manifold is more complicated, since souls may run off to
infinity.
Now we give two directions in our study of the moduli space of
flat metrics.
1. Find a nice group G in which π, π ′ are conjugate. Then we
could write the moduli space Mflat (M ) as the double coset
space
Mn \{γ ∈ G : γπγ −1 ⊂ Mn }/NG (π)
in analogy with Wolf’s theorem. For example, the actions
(z, x) 7→ (z, x + 1) and (z, x) 7→ (eiθ z, x + 1) on R3 are conjugate by the map (z, x) 7→ (e−iθx z, x).
2. Study the affine moduli space of flat metrics Aflat (M ) formed
by quotienting Mflat (M ) by affine equivalence. The affine
equivalence classes are distinguished exactly by the normal
holonomy to the soul. The first thing we would want to do is
show that the map taking a metric to the normal holonomy to
the soul is continuous. We have an idea of how this proof will
look like for M = S 1 × R2 ; the only complication is that souls
may run off to infinity. Now we can construct a continuous
retraction of Mflat (S 1 × R2 ) onto the subspace X induced by
the actions of the form (z, x) 7→ (eiθ z, x + 1), which we claim
is a homotopy equivalence. The retraction is defined in the
following way. Every orientation-preserving torsionfree isometry γ is a rotation followed by a translation along an axis.
Associate to every such isometry a new isometry γ ′ whose axis
contains the origin and whose translation length is one, but
the direction of the axis and rotation angle are not changed.
The resulting isometry is conjugate to (z, x) 7→ (eiθ z, x + 1)
by an orthogonal map. The retraction is defined by mapping
R3 /⟨γ⟩ to R3 /⟨γ ′ ⟩ ∈ X. Moreover we believe that the fibers of
this map are contractible, so that Mflat (S 1 × R2 ) is homotopy
equivalent to the circle. The details here need to be checked
and the results generalized to arbitrary M.
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