BACKGROUND

Group Law on Elliptic Curves

Classical Tropical (Standard Embedding)
: T @y = max{x,y} ]
rTOY =x+Y x."Q

A genus 1 smooth algebraic curve
over R with a choice of origin O = 0. R, P, ()
ie on a Euclidean line.

A genus 1 smooth algebraic curve over the
tropical semiring T (given by binary operations
above) with an appropriate choice of origin O.

R, P,Q lie on a tropical line defined by

aOrBbOYP e
In both cases, the group law is given by setting R + P + Q = O for collinear triples R, P, Q.

(Definition) Stable Intersection

Given a tropical line ¢ and a tropical elliptic curve E, their £
stable intersection is a set of three points:

e—0

where £ is any generic perturbation of £. In this picture, =
ngtE:{PaQaR} R

(Definition) Bad Pair
(P, Q) is a bad pair if P,Q € ¢ Ng E for NO tropical line £. Otherwise, (P, Q) is a good pair.

Problem: It is not possible to add P and @ if (P, Q) is a bad pair.

Proposed Solution: Vigeland's Moves

Step 3: Step 4.
(P, Q) is the good pair we desired
because 3 a tropical line that

P +Ry+ 5 =0 ) goes through them stably and (1), (2) imply

We get two new tropical lines such that

"+ R1+ 5, =0
@+ Rt P+Q=P+q

MAIN RESULTS

Theorem: Sufficiency of a Single Move for Standard Embedding

Main Theorem for General Embedding

For any pair (P, @), we can always perform two moves to shift P (in either direction), up to s
away or until the next vertex, whichever is closest.

Implications for Possible Moves

For the standard embedding, every bad pair (P, Q) can be moved to a good pair (P, Q") in
exactly one move.

Proof Sketch

General Embedding

We can move P along a compact neighbourhood and thus around the whole cycle by
repeatedly moving it clockwise (c.f. moving along closed arcs of positive length on S1).

Theorem: Existence of Good Pair in Equivalence Class

f P,Q € E,then AR, S € E such that (R, S) is a good pairand P+ Q = R+ S.

Proof Idea

P 1Q Ry |10
Step 1: Step 2:

Label stable intersection points.
P+Ri+5 =0
Q+Ry+5,=0

Suppose we have a bad pair (P, Q).
Choose two tropical lines Lp and

Lg going through P and @ stably. (1)

Exploit the symmetry of the standard embedding to fix P on the bottom edge and classify

all Q € F such that (P, Q) is a bad pair. This reduces to 4 cases (one of them shown above).

General Embedding

The general embedding has a
hexagonal cycle with vertical,
horizontal and diagonal (of slope 1)
sides. Let s be its smallest sidelength
and j be its perimeter.

Intuition for General Embedding

The sum P + @ is an invariant of any given move, it is natural to show that it is the only
invariant. To this end, use local moves as motivated by the following:

Global Obstruction

Since P can only be moved

at most 2s at a time, [Zﬂ —
moves are required to get to

a good pair (P, Q") such that P " Z Q
P+Q=P+qQ"

P

Possible range of P’ and ()’ after one move

P’ R P

Step 1:
Choose M € FE such that M + M = P + (). Move away

from M at equal speeds (preserves sum) to find P’, )’
lying on opposite edges of E with P+ Q = P+ ('.

Step 2:
Edges containing P’, Q' both have red vertices. Moving
to the closest red vertex in a similar fashion then gives a

good pair (R, S).

Corollary: Complexity of Algorithm

We can move any pair (P, Q) of the general embedding to a good pair in {%W + 4 moves.

Additional Work: Elliptic Matroid

Using these ideas, we proved results about a certain matroid T3, such as the fact that the partial
valuation defined by the tropical determinant extends to a unique valuation on this matroid.
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