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Almost surely convergence of stochastic 
approximation under general moment 

assumption



NoiseStepsize

Stochastic Approximation

Main problem: the fixed point equation with 𝑥∗ as the solution

𝐻 𝑥 = 𝑥

Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘(𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘)

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉



Assumption
Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘(𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘)
Almost sure convergence problem

𝑥𝑘+1

𝑎.𝑠
𝑥∗

Assumption 1: Contractive operator || 𝐻 𝑥 − 𝐻 𝑦 ||2 ≤ 𝜌||𝑥 − 𝑦||2 (𝜌 < 1)

Assumption 2: Noise condition 𝐸 𝑤𝑘 = 0, 𝐸 ||𝑤𝑘||2
𝑝

< ∞

𝑥

𝑦

𝐻(𝑥)

𝐻(𝑦)

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉



Problem Formulation
Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘(𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘)

Previous result: 

ቊ
∑𝛼n = ∞

∑𝛼n
2 < ∞

𝒑 = 𝟐 1 ≥ 𝜉 >
1

2

Conjecture: 

1 ≥ 𝜉 >
1

𝑝
⇒ 𝑥𝑘

𝑎.𝑠
𝑥∗

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉



𝑥𝑘+1 =
∑0≤𝑖≤𝑘 𝑤𝑖

𝑘 + 1

𝑎.𝑠
0

Law of large number

Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘(𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘)

Law of Large Number

Conjecture: 1 ≥ 𝜉 >
1

𝑝
⇒ 𝑥𝑘

𝑎.𝑠
𝑥∗

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉𝛼𝑘 = 𝑘 + 1 −1

Method: Truncation

𝑥𝑘+1 = 1 − 𝛼𝑘 𝑥𝑘 + 𝛼𝑘𝑤𝑘 = ∑𝑐𝑖𝑤𝑖

𝑎.𝑠
0

Generalize 
LLN !



Truncation method
Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘(𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘)

Method: Truncation

Generalized Law of Large Number

𝑥𝑘+1 = 1 − 𝛼𝑘 𝑥𝑘 + 𝛼𝑘𝑤𝑘 = ∑𝑐𝑖𝑤𝑖

𝑎.𝑠
0

Non-linear SA

Truncate
෥𝑤𝑘 = 𝑤𝑘1|𝑤𝑘|≤𝐵𝑘 ෤𝑥𝑘+1 = 1 − 𝛼𝑘 ෤𝑥𝑘 + 𝛼𝑘 ෥𝑤𝑘

Borel Cantelli
෤𝑥𝑘 → 0 a.s ∑𝑃 | ෤𝑥𝑘| > 𝜖 < ∞ ∀𝜖

෤𝑥𝑘 − 𝑥𝑘 → 0 a.s ∑𝑃 |෥𝑤𝑘| > 𝐵𝑘 < ∞

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉



Drift method

Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘(𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘)

Method: Drift approach 

Supermartingale 

Convergence Theorem

ቊ
𝐸 𝑌𝑘+1 𝐹𝑘 ≤ 𝑌𝑘 − 𝑋𝑘 + 𝑍𝑘 

∑Zk < ∞, Yk, Xk, Zk ≥  0
ቊ

Yk  →  Y∗ a. s.
∑Xk < ∞ a. s.

Proof recipe 

2) Establish 1-step Drift

1) Pick a suitable Lyapunov function

3) Apply Supermartingale Convergence Theorem

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉



Challenges

Stochastic Approximation Algorithm 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘

Difficulties

𝑝 = 2 𝑌𝑘 = 𝑉 𝑥𝑘 − 𝑥∗ = ||𝑥𝑘 − 𝑥∗||2
2

𝑝 < 2 No second moment

𝑝 > 2 Second moment is insufficient 1 ≥ 𝜉 >
1

2
>

1

𝑝

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉



Main Result

Stochastic Approximation Algorithm 

Result

LLN SA

𝑝 < 2 Truncation + Drift Truncation + Drift

𝑝 = 2 Drift Drift

𝑝 > 2 Truncation + High 
moment bound

Future work

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘



Why Drift + Truncation for 1<p<2

∑𝐶𝑛 = ∞ a.s., 
𝔼 𝑉𝑛+1 ℱ𝑛 ≤ 1 − 𝐶𝑛 𝑉𝑛 + 𝐷𝑛

{𝑉𝑛}, {𝐶𝑛}, {𝐷𝑛} ≥ 0, filtration ℱ𝑛

𝑉𝑛 → 0 a.s.

Robbins–Siegmund (RS)

Law of Large 
Numbers

Stochastic 
Approximation

Similar one-step drift template

Truncation for the moment handling

𝔼 𝑌𝑛+1 ℱ𝑛 ≤ 𝑌𝑛 − 𝑋𝑛 + 𝑍𝑛 

∑𝑍𝑛 < ∞, {𝑌𝑛}, {𝑋𝑛}, {𝑍𝑛} ≥  0

𝑌𝑛  →  𝑌∗ a. s.
∑𝑋𝑛 < ∞ a. s.

∑𝐷𝑛 < ∞ a.s.

Supermartingale Convergence

𝑌𝑛 = 𝑉𝑛, 𝑋𝑛 = 𝐶𝑛𝑉𝑛, 𝑍𝑛 = 𝐷𝑛

Contraction Noise



Issue: No 2nd moment                          Solution: Truncation

Claim: Let 𝑌 be a random variable with 𝔼𝑌𝑝 < ∞ for some 𝑝 ∈ 1,2 . Then, for 

any threshold 𝑡 > 0: 𝔼 𝑌21{ 𝑌 ≤𝑡} ≤ 𝑡2−𝑝𝔼𝑌𝑝.

𝔼 ෨𝑌2 ≤ 𝑡2−𝑝𝔼𝑌𝑝

Proof: Apply Hölder’s inequality on the indicator of the truncation set.

What is the appropriate truncation threshold 𝑡?

LLN for 𝟏 < 𝒑 < 𝟐



LLN: One-step Drift

𝔼 𝑊𝑛+1 ℱ𝑛] ≤ 1 − α𝑛 + 𝛼𝑛
2 𝑊𝑛 + α𝑛

2 𝔼 ǁ𝜀𝑛+1
2 ℱ𝑛] + 𝛼𝑛𝔼[ ǁ𝜀𝑛+1 ℱ𝑛

2

ሚ𝑆𝑛+1 − 𝜇
2 ǁ𝜀𝑛+1 = 𝜀𝑛+11{|𝜀𝑛+1|≤ 𝐵𝑛}

𝜀𝑛+1 = 𝑋𝑛+1 − 𝜇
Companion process:

ሚ𝑆𝑛 = 1 − 𝛼𝑛
ሚ𝑆𝑛 + 𝛼𝑛 𝜇 + ǁ𝜀𝑛+1

𝔼 𝑉𝑛+1 ℱ𝑛] ≤ 1 − 𝑐α𝑛 𝑉𝑛 + 𝐶α𝑛
2 𝔼 𝜀𝑛+1

2 ℱ𝑛]

Case 𝑝 = 2:

Ours:

Due to truncation, ǁ𝜀𝑛+1 is biased!

Extra bias term

Linearity in α𝑛

∑𝑛𝛼𝑛
2 < ∞∑𝑛α𝑛 = ∞𝑆𝑛+1 − 𝜇 2

𝛼𝑛 = 𝛼 𝑛 + 𝐾 −𝜉

𝐵𝑛 = 𝑛 + 1 𝜅



𝔼 𝑊𝑛+1 ℱ𝑛] ≤ 1 − α𝑛 + α𝑛
2 𝑊𝑛 + α𝑛

2 𝔼 ǁ𝜀𝑛+1
2 ℱ𝑛] + 𝛼𝑛𝔼[ ǁ𝜀𝑛+1]2

∑𝑛𝐶1 𝑛 + 1 −2𝜉−𝜅 2−𝑝

∑𝑛 ∑𝑛

∑𝑛𝐶2 𝑛 + 1 −𝜉−2𝜅 𝑝−1

𝜉 >
1

2
𝜅 >

1 − 𝜉

2(𝑝 − 1)

< ∞ < ∞

(constants 𝐶1& 𝐶2)

ሚ𝑆𝑛 → 𝜇 almost surely.By Robbins-Siegmund,

Convergence of 𝐋𝐋𝐍
𝛼𝑛 = 𝛼 𝑛 + 𝐾 −𝜉

ሚ𝑆𝑛 = 1 − 𝛼𝑛
ሚ𝑆𝑛 + 𝛼𝑛 𝜇 + ǁ𝜀𝑛+1

With 𝜿 > 𝐦𝐚𝐱
𝟏−𝝃

𝟐 𝒑−𝟏
,

𝟏

𝒑
 and Borel Cantelli lemma, we obtain 𝑆𝑛 → 𝜇 almost surely. 

𝐵𝑛 = 𝑛 + 1 𝜅

ǁ𝜀𝑛+1 = 𝜀𝑛+11{|𝜀𝑛+1|≤ 𝐵𝑛}



𝔼 𝑊𝑛+1 ℱ𝑛] ≤ 1 − α𝑛 + α𝑛
2 𝑊𝑛 + α𝑛

2 𝔼 ǁ𝜀𝑛+1
2 ℱ𝑛] + 𝛼𝑛𝔼[ ǁ𝜀𝑛+1]2

LLN to SA

𝔼 𝑈𝑛+1 ℱ𝑛] ≤ 1 −
1 − 𝜌

2
α𝑛 𝑈𝑛 + 𝛼𝑛

2𝔼 ǁ𝜀𝑛+1
2 ℱ𝑛] + 𝐶𝛼𝑛 𝔼[ ǁ𝜀𝑛+1

2 ℱ𝑛
2

extra bias

෤𝑥𝑛 − 𝑥⋆ 2 𝜌-contractive

𝛼𝑛 = 𝛼 𝑛 + 𝐾 −𝜉 , 𝐵𝑛 = 𝑛 + 1 𝜅

ǁ𝜀𝑛+1 = 𝜀𝑛+11{|𝜀𝑛+1|} ≤ 𝐵𝑛

With 𝜅 > max
1−𝜉

2 𝑝−1
,

1

𝑝
 , we obtain 𝑥𝑛 → 𝑥⋆almost surely. 

LLN 1-step drift

SA 1-step drift



Main Result

Stochastic Approximation Algorithm 

Result

LLN SA

𝑝 < 2 Truncation + Drift Truncation + Drift

𝑝 = 2 Drift Drift

𝑝 > 2 Truncation + High 
moment bound

Future work

𝛼𝑘 = 𝛼 𝑘 + 𝐾 −𝜉

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘 𝐻 𝑥𝑘 − 𝑥𝑘 + 𝑤𝑘



LLN for 𝒑 > 𝟐

Borel-Cantelli ∑𝑃 |𝑥𝑘| > 𝜖 < ∞ ∀𝜖 ∑𝐸 |𝑥𝑘|𝑝 < ∞

Rosenthal 𝐸 |𝑥𝑘|𝑝 ≤ 𝐶𝑝(𝑝
𝑝
2𝐸 |𝑥𝑘|2

𝒑
𝟐 + 𝑝𝑝𝛼𝑘

𝑝
𝐸[|𝑤𝑘|𝑝])

Generalized Law of Large Number

𝑥𝑘+1 = 1 − 𝛼𝑘 𝑥𝑘 + 𝛼𝑘𝑤𝑘 = ∑𝑐𝑖𝑤𝑖

𝑎.𝑠
0

𝛼𝑘 = 𝛼 𝑛 + 𝐾 −𝜉



Summary

LLN SA

𝑝 < 2 Truncation + Drift Truncation + Drift

𝑝 = 2 Drift Drift

𝑝 > 2 Truncation + High 
moment bound

Future work

Challenges solved: - Picking right truncation threshold
- Handled biased SA
- Establish and analyze 1-step drift





LLN for 𝒑 > 𝟐





Marcinkiewicz-Zygmund



Weighted SLLN



Weighted SLLN (cont)


