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Main problem: the fixed point equation with x™* as the solution

H(x) =x
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Stochastic Approximation Algorithm
Xey1 = X + @ (H(xg) — xy )

Assumption 1: Contractive operator || H(x) — H(y)||, < pl|lx — ||, (p < 1)

Assumption 2: Noise condition E[Wk] =0,E | |Wk | |729] < 00
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Stochastic Approximation Algorithm

Xp+1 = X + ap(H(xg) — x + wy)
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Stochastic Approximation Algorithm

Xi+1 = X + g — Xg + Wg)
: 1 a.s
Con]ecture: 1> € >S—- X — x* Generalize
_ p LLN !
Law of Large Number
_ a.s
Xk+1 = &%:1 Uy k“"#k—wi—)s_ .ciw;— 0
_I_

Method: Truncation



Stochastic Approximation Algorithm

Generalized Law of Large Number

Method: Truncation
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i X
Xi11 = X + ak(H(xk) — Non-linear SA

§as
Xey1 = (1 — apx, + apwy = Yeiw; — 0

Wi = Wk1|Wk|@- Xier1 = (1 — )Xy + awy

X, >0a.s =) YP(|X,|>€) <ooVe
X, —x, > 0a.s =) ) P(|W,] > < 00



ar = alk + K)~¢

Stochastic Approximation Algorithm

Xp+1 = X + ap(H(xg) — x + wy)

Method: Drift approach

\
Supermartingale
Convergence Theorem

J

{E[Yk+1|Fk] <V — Xy + Zg ‘ Y = Y* as.

ZZk < O, Yk: in Zk > 0 \ZXk < 0 a.S.

-Q Proof recipe 1) Pick a suitable Lyapunov function
2) Establish 1-step Drift

3) Apply Supermartingale Convergence Theorem



ay = Cl(k + K)_f

Stochastic Approximation Algorithm

Xp+1 = X + ap (H(xy) — x5 + wy)

Difficulties

£P= 2} Ve = V(xg —x*) = ||xx — x*||5

{ p <2 No second moment

1 1
p > 2 Second moment is insufficient 1>¢& >—=>—

2 p
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Stochastic Approximation Algorithm

Xi+1 = X + ap (H(xg) — x5 + wy)

00O



Why Drift + Truncation for 1<p<2

Law of Large

Similar one-step drift template

—— Stochastic
Numbers Approximation

Robbins-Siegmund (RS)
(V.},{C,}, {D,} = 0, filtration F,
.C, =oa.s., YD, < ooa.s.

Truncation for the moment handling

\[E [Vn+1|Tn] < gl — Cn)'Vn + Dn

Y
Contraction Noise

V, = 0a.s.

Supermartingale Convergence

IE[Yn+1|:7:'n] = Yh —Xnt+ 27y
bl 2n = Dn | 325 < 00, {V}, {X0n}, {Zn} = 0

Y, - Y a.s.
Y X, <oa.s.
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I[ssue: No 2™ moment » Solution: Truncation

Claim: Let Y be a random variable with EY? < oo for some p € (1,2). Then, for
any threshold t > 0: E[Y?1y /<] < t? PEY?.

|

E[V?] < t?"PEY?

Proof: Apply Holder’s inequality on the indicator of the truncation set.

What is the appropriate truncation threshold t?



a, =a(n+K)~¢
B, =(n+ 1)¥

Case p = 2:
[E[Vn+1|~7:n] S (1 — Can)vn + CQ%E[E'I?HllTn]
(Sn+1 - M)Z Zn(xn — 00 Zna,% < @
Ours:

E[Wpi1|F] < (1 — oy + a2)W, + o2 E[£2,,|F,] +/onE[Eyy|Fy)2 Extrablas term

\ \/ Linearity in «,,

~ 2 ~ .
(Sn+1 - H) En+1 = En+11{je,pq|< By)

Companion process: n+l = An+1 — H

S, =0 —a,)S, +a,(u+&,.1) Due to truncation, &, is biased!



a, =a(n+K)=s
Sp = (1 - an)Sn + an(//‘ + §n+1)

E[Wpi1lFa] < (1 — oy + 02)W, +|a2 E[E2, 1| Fol| HanE[Ens1]?

(constants C; & () Zn

B,=(n+ 1)

En+1 = En+1lqe, i< By

YaCi(n+ 1) #7720y o) (4 1) ¢ 26D
1-¢
20— 1)

1
§> K>

< 00 < 00
By Robbins-Siegmund, S,, = u almost surely.

2(119—_51) ,%} and Borel Cantelli lemma, we obtain S,, — p almost surely.

With Kk > max{



a, =a(n+K)*,B, =(n+ 1)~

Ent1 = €n+11{|en+1|} < B,

LN 1-step drift E[W,14]|F,] < (1 —ay + O(n)W + O( II3[Sn+1|:7:' + anE[§n+1]2

1-p
2

2
hrsteparitt | E[U 11l ,] < (1— an)u + a2E[l1E,,,121%,] + CaMBIEI A

\ extra bias

|| X |2 p-contractive

Xy — X

1-¢& 1
2(p-1D’p

With k > max{ } we obtain x,, = x*almost surely.
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Stochastic Approximation Algorithm

Xi+1 = X + ap (H(xg) — x5 + wy)

Result
p <2 Truncation + Drift Truncation + Drift
p=2 Drift Drift

Truncation + High Future work

moment bound




a, = a(n+K)~¢

Generalized Law of Large Number

a.s
Xer1 = (1 — ap)xg + aqpwy = Yegw; — 0

{Borel-CantelliJ YP(|xp| >€) <coVe mmp YE[|x;|P] < o0

NS

p
{ Rosenthal J E[lxklp] SCp(PZE[|xk|2] +ppall{jE[|Wk|p])




p <2 Truncation + Drift Truncation + Drift
p=2 Drift Drift
p>2 Truncation + High Future work

moment bound

]
N\

Q Challenges solved: - Picking right truncation threshold

) - Handled biased SA
- Establish and analyze 1-step drift
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n=1 j=b(n) n=1 j=h(n)
~ T o’ Tt
First term Second term

b(n+1)—1 b(n+1)—1

( Z % H (1 —ax)?)% = O(a?) + Decaying term
j=b(n) k=341



Theorem 5.1 (M-Z). Assume X, X1, X5,... are i.i.d. with EX = 0, and define

Suppose for some 1 < q < 00, it occurs
| 1/q

sup | — ainl? < 0

n?-_"li’ ('ﬂ. Zl t-,nl ) ,

where for ¢ = oo, this is interpreted as sup,, ;|a; ,|< oco. If E|X|P< oo for any p such that 1 <
1/p+1/q <2, then



Theorem 6.1 (Weighted SLLN). Let { X} }ren be a sequence of equidistributed random variables.
Let also f : [0,00) & R, g:[0,00) = R be positive functions, and define ¢(y) = f(y)g(y). Assume
@ satisfies:

1. @ is strictly increasing and ([0, 00)) = [0, +00).

2. there exist constants a,b € R such that for all s > 0,

S |
25/ dx < as +b.
AT

Furthermore, for the truncated sequence {Yj}ren defined by

Yi = Xk {1 x|<ok)} + @(k) Lix,>0(k)} — w(k) LX) <—p(k)}s

suppose there is an absolute constant C > 0 such that for all 1 < m < n,

Var(Yy)
]E(mnsl?%cn ) CZ 2(k :

Then the condition E [¢~'(|X1|)] < oo implies that the series

Z‘: Y, — EY;:

(k)

k=m

i X — EY;
— (k)

If, in addition, f is increasing and limy_~ f(y) = oo, then the following weighted SLLN holds:

s almost surely convergent.

1 X — EY;
Z : 50 almost surely as n — oo.

fn) &= 9(k)



In our context, we want to have

Recall that we have the recursion

n
Sn = E :wn,kaa
k=1

where w,, = ak_1 ]_[;":_;(1 — aj). We now consider the factorization

w, . = f(n)g(k),

where




