
1

Stable Tame Isomorphisms of Legendrian Knots
Georgia Tech School of Mathematics Summer REU 2018

DeVon Ingram (dingram7@gatech.edu) and Hunter Vallejos (hvallejos3@gatech.edu)

Introduction
• Knot theory is the study of embeddings of S1 into R3. Knots are

useful objects to study because they can be used to construct
various 3 and 4-manifolds.

• A knot invariant is a function on knots; they help distinguish
knots because if the function outputs different values for two
knots, then we know that the two knots cannot be same.

• Legendrian knot theory is the study of knots which lie tangent
to a plane field (for every point in R3, associate to it a plane)
which comes from the standard contact structure on R3. Below is
a picture of the Legendrian unknot in this plane field.

Figure 1: Unknot in the standard contact structure of R3 (from [4])

• We can simplify things by working with the Lagrangian
projection (onto the xy-plane), as shown above.

The Chekanov-Eliashberg Differential Graded Algebra

• The Chekanov-Eliashberg differential graded algebra
(DGA) AΛ of a Legendrian knot Λ is a Legendrian knot invariant
which is generated by the crossings in the Lagrangian diagram of Λ
with coefficients in F = Z�2Z and with gradings coming from the
Maslov index of a crossing.

• The differential ∂q of a crossing q is a particular formal sum of
convex immersed disks starting at q.

• The equivalence relation between DGAs is the stable tame
isomorphism, which is a map

S1(S2(. . . Sn(A) . . . )) S ′1(S ′2(. . . S ′n′(A′) . . . )),
φ

where Si and S ′i are ’stabilizations’ in the sense that each adds a
pair of generators to the algebras A and A′ respectively. We
require that φ be a chain map, respect the gradings on A and A′,
and on generators look like

φ(qi) = q′i + u

where u ∈ A′ which doesn’t contain q′i .

Example
Let T be the Legendrian trefoil pictured below. The filled in area is a
convex immersed disk starting at q2 giving the term q3q4q5 in ∂q2.

Its DGA is AT = F 〈q1, . . . , q7〉 with differentials
∂q1 = 1 + q3 + q5 + q5q4q3

∂q2 = 1 + q3 + q6q5 + q3q4q5

∂q7 = 1 + q6

∂qi = 0, i = 3, 4, 5, 6

Let T ′ be T after performing a Reidemeister II move:

The DGA here is given by AT ′ = F 〈q′1, . . . q′9〉 with differentials

∂q′1 = 1 + q′5 + q′8q
′
3

∂q′2 = 1 + q′3 + q′6q
′
5 + q′3q

′
4q
′
5

∂q′7 = 1 + q′6
∂q′9 = 1 + q′8q

′
6 + q′5q

′
4

∂q′i = 0 i = 3, 4, 5, 6, 8

A stable tame isomorphism exists since we know that the two
Legendrian knots are the same. The stable isomorphism is given by a
map

φ : S(AT)→ AT ′

where S adds the generators e1 and e2 to AT . The correspondence is
given by 

qi 7→ q′i for i = 2, . . . , 7

q1 7→ q′1 + (q′9 + q′8q
′
7)q′3

e1 7→ q′9 + q′8q
′
7

e2 7→ q′8 + 1 + q′5q
′
4

Problem
• There are Legendrian pretzel knots which have been found to be

stable tame isomorphic to the standard Legendrian unknot [2].

• We are interested in showing that a certain class of Legendrian
knots, pictured below, have DGAs stable tame isomorphic to the
DGA of the standard Legendrian unknot as well.

Approach

• A pinch move can be performed (the particular spot indicated on
the diagram above) to transform the Legendrian knot into two
linked Legendrian unknots.

• If there is a stable tame isomorphism between the Legendrian knot
before and the link after the pinch move, then intuition suggests
that there is a way to quotient out one of the unknots to obtain a
stable tame isomorphism between the knot and the Legendrian
unknot.
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