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Introduction

Goal: Develop rigorous computational tools to understand

neurological/cardiovascular models and their dynamics.

Motivation for rigorous numerical computation

Analytical techniques are not well-suited to solve non-linear

ODE systems, which our models tend to be.

We use rigorous computation to minimize the effect of round-off

errors from the floating point arithmetic that computers use.

The generation of action

potentials in neurons is a

rich dynamical systems

problem

Fitzugh-NagumoModel: 2-dimensional ODE system that describes

spike dynamics in a single neuron [Fitzhugh, 1961; Nagumo, 1962]

f =


v̇ = v − v3

3 − w + I

τẇ = v + a − bw
for parameters I, τ, a, b (1)

The periodic orbit

attracts

surrounding

trajectories.

Preliminaries

The function φ(v, w, t) denotes the flow of point (v, w) for time t.

A periodic orbit satisfies φ(v, w, T ) = (v, w) for some point (v, w)
and some time T .

Problem Statement

Prove the existence of a stable periodic orbit and provide rigorous

bounds for its location and time period.

Main Results

Theorem 1: For parameters

I = 0.5, τ = 3.0, a = 0.7, b = 0.5,

there exists a periodic orbit. Specifically, there exists v ∈ [0±1.2e−8],
w ∈ [0.037119 ± 3.1e−9] , and T ∈ [16.274 ± 2.2e−8] , such that

φ(v, w, T ) = (v, w)

Methods

1. Obtain an initial position and period guess through integration.

2. Refine position and period guesses using Newton's Method and

the Multiple Shooting Algorithm
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, xi+1 = xi − [DF (xi)]−1F (xi)

3. Provide rigorous bounds for the position and period using

Interval Newton Method [Hansel, Greenberg, 1983]

Xi+1 =
(
m(Xi) − [DF (Xi)]−1F (m(Xi))

)
∩ Xi
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Methods Cont.

Obtaining our error bounds

Machine round-off errors → add ±10−7 to our initial guesses

Error from fourth-order Runge-Kutta integrator [Lotkin, 1951]

IF: |fi| ≤ M, |∂
p+q+rfi

∂tpvqwr
| ≤ Lp+q+r

M q+r−1 for 0 ≤ p + q + r ≤ 4

THEN: |Ei| ≤ 973
720

ML4h5 where h is our step size

|Ei| ≤ 10−18

Interval Arithmetic

Enclosing points in intervals allows us to account for uncertainty

and the propagation of round-off errors

Powerful tool for producing validated numerics

FutureWorks

Compute the manifold associated with this periodic orbit using

the parameterization method [Cabré, Fontich, de la Llave, 2003]

Explore coupled Fitzhugh-Nagumo, Wilson-Cowan, and even

larger clusters of neurons.
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