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Motivation
Standard Bias-Variance Tradeoff

• The standard bias-variance tradeoff suggests test risk
will decrease with increasing model complexity count
down to a minimum after which it will begin increasing
(Tsybakov, 2009)

Surprises in Machine Learning Models
• However, overparameterized machine learning models

can have similar or better performance to optimal under-
parameterized models, contradicting the bias-variance
tradeoff

Neural Network Simulation
Data

• MNIST handwritten digits 0-9
• n = 4, 000 training samples (28 by 28 grayscale images

for d = 784) in K = 10 classes
Architecture

• One hidden layer of H neurons
• ReLU activation function
• Number of parameters p = (d+ 1)H + (H + 1)K
• Overparameterization ratio γ = p/n

Training
• n = 4, 000 training samples
• Trained until 6,000 epochs or 0 training loss for networks

below interpolation threshold
• SGD with 0.95 momentum and 0.001 initial learning

rate
• Learning rate decreased by 10% every 500 epochs

Results
• Test loss averaged over 3 randomly initialized, fully

trained networks

Random Forests
Data

• MNIST handwritten digits 0-9, n = 10000 training sam-
ples, 1000 test samples

Complexity
• Complexity is controlled by number of trees and maxi-

mum number of leaves allowed for each tree [1]
• p = Nmax

leaf /Ntree

Training error (blue) and testing error(red) for different model
parameter p, averaged over 10 trials.

Neural Networks and Least Squares
Connection Between Neural Networks and Linear Re-
gression
Consider the neural network f(·, θ) : Rd −→ R with weights
θ ∈ Rp such that z 7→ f(z, θ).

• For networks with a large number of parameters p, train-
ing changes θ by only a small amount relative to some
initialization θ0

• Therefore f can be expressed as z 7→ ∇θf(z, θ0)Tβ
• This linearization can be accurate if p > n and f is

remains a neural network when scaled
• It converges to the least squares solution for β

Model

• n i.i.d. xi ∈ Rp sampled from Px
• Exi = 0 and Cov(xi) = Σ
• n i.i.d. εi ∼ Pε where E εi = 0 and Var εi = σ2

yi = xTi β + εi

Problem Estimate β given (xi, yi)

• Risk of the estimator β̂ is

RX(β̂, β) = Eε,x0
[(xT0 β̂ − xT0 β)2|X]

• Overparametrization ratio γ = p/n
• Signal to noise ratio SNR = ||β||22/σ2

Main Theorems
Least Squares Estimator

β̂ = (XTX)†XT y

where A† is the Moore Penrose inverse (pseudoinverse) of the
matrix A, X = [x1, . . . , xn]T ∈ Rn×p, y = {yi}ni=1 ∈ Rn,
and ε = {εi}ni=1 ∈ Rn

Proposition 1 (Gradient descent and least-squares estima-
tor). Initialize β(0) = 0, and consider running gradient de-
scent on the least square loss, yielding iterates

β(k) = β(k−1) + tXT (y −Xβ(k−1))

where we take 0 < t ≤ 1/λmax(XTX). Then limk→∞ β(k) =

β̂, the min-norm least squares estimator.

Bias Variance Decomposition

RX(β̂, β) = ||Eε[β̂|X]− β||2Σ︸ ︷︷ ︸
BX(β̂,β)

+Tr(Cov(β̂|X)Σ)︸ ︷︷ ︸
VX(β̂,β)

where ||x||2Σ = xTΣx
Underparameterized case (γ < 1) Bias is always zero so
risk is entirely determined by the variance.

Theorem 2 (Asymptotic risk). Assume x ∼ Px has i.i.d.
entries with zero mean, unit variance, and a finite fourth mo-
ment of order 4 + η, for some η > 0. Also assume ||β||22 = r2

for all n, p. Then, for the min-norm least-squares estimator
β̂, as n, p −→∞ such that p/n −→ γ ∈ (0,∞), it holds almost
surely that

BX(β̂, β) −→ r2(1− 1

γ
)

VX(β̂, β) −→ σ2 γ

γ − 1
Hence,

RX(β̂, β) −→

{
σ2 γ

1−γ for γ < 1

r2(1− 1
γ ) + σ2 γ

γ−1 for γ > 1

Comparison of Theoretical and Actual Risk

Theoretical (lines) and actual (points) risk of least squares
estimator averaged over 5 trials with n = 200 and p = bγnc

Conclusion
Overparameterized models can and often do perform
better than underparameterized models

• The bias-variance tradeoff is still a good rubric for
very large datasets where overparameterization is pro-
hibitively expensive

• Computational resources are constantly increasing,
which has recently made overparameterization on
datasets like ImageNet (106 examples and 103 classes)
practical, where the current best model is overparame-
terized

• If possible, overparameterized models are often the
best approach, but for larger datasets the bias-variance
tradeoff is the best rubric

Proof ingredients

• Marchenko-Pastur Law
• Spectral measure
• Bai-Yin theorem
• Stieltjes transform

Future Work
Where does double descent appear?

• Linear regression
• Linear Discriminant Analysis
• Logistic regression

Open problems It is not known whether or not the following
models exhibit double descent

• Quadratic Discriminant Analysis (work on Linear Dis-
criminant Analysis may be extended)

• Random forests
• Support Vector Machines
• Neural networks with nonlinear activation
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