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Definition corner:
  s = length of the capsule
     = Angle of inclination
  r = coefficient of restitution, the 
degree of elasticity of collision

The System

Capsule Motion:

Impact Condition:

Non-dimensionalization:

Ball Motion:

Relative Equations of Motion:

Relative Impact Condition:

Motion in Between Impacts:

Intrinsic units include frequency, amplitude, and mass parameters



Analytical Solutions for T-periodic Motion

Define two paths of motion:

Recall for Motion in Between Impacts:

P1 and P2 Motion:

→ Use these equations to derive 
a system to solve for the triple:

= phase shift of (k-1)st impact 
    relative to that of the forcing 
    of the cylinder



Periodic Motion and Grazing Bifurcations
Asymmetric Chaotic Pre-grazing 2-1 Post-grazingSymmetric
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Effect of Grazing on Energy Output

Grazing bifurcation, 
drop in average energy

Chaos 
goes 
here??

Numerical 
solution

Analytical 
solution



Asymmetric restitution coefficients
rT = 0.5,  rB = 0.5 rT = 0.45,  rB = 0.55 rT = 0.4,  rB = 0.6rT = 0.45,  rB = 0.40



Analytical solutions for Asymmetric r
New Equations for Motion

➔ Again, use these equations to derive a system 
to solve for the triple  
corresponding to BTB periodic solutions



Stability Analysis
Stable “point”:

Small Perturbation:

Goal: obtain an equation for
linearized about  

Condition Stability

Δ > 0 and |λi| > 1 Unstable node

Δ > 0 and |λi| < 1 Stable node

Δ < 0 and |λi| > 1 Unstable focus

Δ > 0 and |λi| < 1 Stable focus

←includes both maps P1 and P2



Conclusions
● Periodic motion for vibroimpact energy harvesting system

○ Analytical and numerical solutions

● Average energy output
○ Drop due to grazing

● Asymmetric restitution coefficients
○ Increase average energy output
○ Analytical solutions
○ Stability analysis

● Next up
○ Probability that grazing occurs within an interval
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