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General 1 Dimensions f : ℝ → ℝ Proof for  f(x) = x2/2
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Illuminative example : f(x) = x2/2

• Stochastic Gradient Descent: 

  

• Scaled Iterate: 

,  

•  Updated SGD: 
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Wasserstein Distance:

A way to think about the is the optimal transport problem:

dW(W, Z ) = sup
h∈H

|𝔼[h(W )] − 𝔼[h(Z )] | , H = {h : ℝ → ℝ : |h(x) − h(y) ≤ |x − y |}

Proposition 1 [2]: 
Suppose (W,W’) is a-Stein pair, , Z is standard 
normal, then
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• Stochastic Gradient Descent: 

 

• Scaled Iterate 
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Proof Sketch 

1.  form a (1/n)-Stein pair: 

2. Proposition 1:  

(Wk, W′￼k)

lim
k→∞

dW(Wk, Z ) = L1 α, L1 > 0

Assumptions: 

1. f(x) is thrice differtiable such that 

2. L-smooth 

3. -convex 

4.  

σ

𝔼[wk] = 0,Var[wk] = Σ

Theorem: 

1. There exists , , then  

2. For  then 

 

3.  

a′￼> 0 ∀α ∈ (0,a′￼) Y (α)
k

d→ Y (α)

{αk} ∈ (0,a′￼), lim
k→∞

αk = 0,

Y (α) d→ Y ∼ 𝒩(0,Σy), Σy =
Σ

2f ′￼′￼(x*)

dW(Y (α), Y ) ≤ L1 α + L2α =

Results: 

dW(W, Z ) = lim
k→∞

dW(Wk, Z ) = O( α)

Steins Method:  

 

 

∀f, 𝔼[A f (X )] = 0 ↔ X ∼ Z

dW(W, Z ) = sup
h∈H

|𝔼[A fh(W )] |

\forall f

O( α)

| | f ′￼′￼′￼(x) | |∞ = C < ∞

Definitions: 

 

 

 

Exchangeable pairs:  

a-Stein pair:  
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(W, W′￼) d= (W′￼, W )

E [W |W′￼] = (1 − a)W


